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Abstract

This paperdescribeghe needfor mining comple rela-
tionshipsin spatialdata. Comple relationshipsare de ned
asthoseinvolvingtwo or more of: multi-featue colocation,
self-colocation,one-to-manyrelationships, self-eclusion
and multi-featue exclusion. We demonstate that evenin
the mining of simplerelationships knowled@ of comple
relationshipss necessaryo accuiatelycalculatethesignif-
icanceof results.We implementa representatiorof spatial
datasud thatit containsknown weak-monotonichroper
ties,which are exploitedfor the ef cient miningof comple
relationships,and discussthe strengthsand limitations of
this representation.

1. Intr oduction

A relationshipin spatialdatais a relationshipbetween
featuresn a Euclideanspacede ned in termsof the colo-
cationaltrendsof two or morefeaturesoverthatspace.An
exampleis determininghecon denceof the 'wherethere's
smolethere's r e' with respecto a setof coordinateseach
representinghefeaturesmole or re. Thetaskherewould
beto determinewhether re occursin the neighborhoodf
smole morethanis randomlylik ely.

Neighborhoodsare de ned in terms of cliques (also
known asneighborsets). A cliqueis de ned asary setof
itemssuchthatall itemsin that setcolocate for example,
in Figurel andTable1, the colocationapattern A,D oc-
cursthreetimesin four cliques,iv, vivi & ix. Two features
aretypically saidto colocateif they arepositionedwithin a
distance of oneanotherAs hasbeenassumedh Figurel,

is usuallyconstantput it may alsobe de ned asvarying
locally within the spaceor with respecto a givenfeature.

Typically, the mining of informationin a spatialdomain
involves representinghe cliquesas transactionsand un-

dertakingassociatiorrule mining uponthesetransactions.

While associationule miningis awell-developedeld [5],
the mining of con dent cliguesastransactiongails to cap-

ture mary spatialphenomenaf interest,due to mostas-
sociationmining techniquesbeing optimizedfor “market-
baslet' data. Spatialdatais fundamentallydifferentfrom
market-baslet data, both in its basic natureand distribu-
tional tendencies.

Onefactoruniqueto spatialdatais that the numberof
transactions singleitem may participatein is potentially
unboundedwhile in a market-baslet this is limited to one
(obviously, two peoplemay purchasehe sametoothpaste
product, but not the sameexact tube). Self-colocationis
alsomorelikely in spatialdata. Theupperlimit in amarket-
basletis multiple purchase®f only one product,which is
lesslikely thanan equivalentspatialsituationof an areaof
monocultureforest. Similarly, theremaybedirectrelation-
shipsbetweenfeaturesthat don't colocate as betweenan-
imals displayingterritorial behaior, makingsuchrelation-
shipsintrinsically moreinterestingin spatialdata. A com-
plex relationshipis simply any combinationof thesedif-
ferentrelationships. It is importantto note that while the
relationshipsare de ned as comple, the phenomenahey
represenareoftenvery simple[8].

Perhapgshe most fundamentabifferencebetweenspa-
tial and other datain a transactionatepresentations the
notion of signi cance. A colocationis consideredsigni -
cantif it occursmorethanis randomlylikely. In transac-
tionsrepresentingnarket-baslets thetransactionshy de -
nition, representhecompletespaceof thedata(thereareno
emptybaslets). In suchcasesthe signi cance of the data
may be representetly frequeng of thefeaturesn relation
to the numberof transactionssuchasthe interestmeasure
proposedn [4]. In spatialdata,however, the randomlik e-
lihood of a colocationdependsn the volume of the space
from whichit wastaken. Thisis discussedn moredetailin
section6.1.

1.1 Our contribution

We describethe needfor mining comple relationships
in spatialdata.To theauthors'bestknowledge thisproblem
hasnot previously beenaddressed:
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Figure 1. An example of spatial coloca-
tional patterns of the features , , and

1. We demonstratehat comple< relationshipsare more
numeroughansimple onesanddiscusswhy they are
desirablgo minein the spatialdomain.

2. Wedemonstratéhatarepresentatioandmining strat-
egy for spatialdatais possiblesuchthatit facilitates
the ef cient mining of comple relationships.

3. Mostsigni cantly, we demonstratéhatit is necessary
to mine comple relationshipgo accuratelycalculate
the signi cance of results,evenwhenthe goalis only
themining of simplerelationships.

1.2 Outline

In sections2 and 3 we give the problemde nition and
adiscussiorof relatedwork. In section4 we describeand
discussthe useof a participationthreshold,ratherthana
supportthreshold,in the mining of spatialcolocations. It
shouldbe notedthatwe arenotrede ning/ re ning ary as-
sociationrule algorithms;ratherthanthrowing outthebaby
with the bathwater we explore new applicationsand in-
terpretationsof existing ones. In section5 we de ne and
give examplesof the varioustypesof relationshipsn spa-
tial data,including complex relationships.In section6 we
demonstrat¢hattheknowledgeof complex relationshipsn
spatialdatais necessaryeven whenthe goal is the min-
ing of only simple relationships. In section7 we imple-
mentatransactionatepresentatioof spatialdatasuchthat

No | Clique

Vi.
Vii.
viii.
iX.
X.

Table 1. Cliques in Figure 1

it containsweak-monotonipropertieswhich areexploited
by themaxPlalgorithm[6] for theef cient mining of com-
plex relationshipsanddiscusghe strengthsaandlimitations
of thisrepresentationin section8 we concludeanddiscuss
possiblefuturedirections.

2 Problem De nition

Given: a setof items, , eachrepresenting
someentity with one or more featuresat a given co-
ordinateandarule con dencethreshold,

Find: all complex spatial relationshipswith con dence
greatetthan .

Constraints: The discovery of all rulesof a given con -
denceis an intractableproblem, so ary methodthat
can improve the efciency of mining theserules is
paramount. The datamust be representedn a way
that facilitatesthe mining of complex rules. (a trans-
actionalrepresentatiorgsin Tablel, is themostcom-
monly usedin mining spatialdata,asit allows thein-
clusionandthe discovery of the interrelationof non-
spatialfeatures)

For mining colocationsthis is a 3-stepprocess:genef
ate a setof the cliquesin a representatiornhat facilitates
the mining of colocations;apply a mining algorithmto the
cligues,returninga setof colocationsaandtheir con dences,
the constitueng of which is determinedby given pruning
andcon dencethresholdsandcalculatethe signi canceof
theminedcolocations.

The rst two stepsaretypically combined,so asto not
to generatecliquesalreadyknown to be below the given
thresholds.In this paper we assumdhatthe rst stephas
alreadytakenplace.



Figure 2. A positive relationship
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Figure 5. A one-to-man y relation-
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Figure 3. A self-colocating rela-
tionship

Figure 6. A multi-f eature exclu-
sive relationship
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Figure 4. Self-exclusion, low con-
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Figure 7. A comple x relationship




3 RelatedWork

The rst extensionof the Apriori paradignto spatialdata
wasin [7]. Howeverin their methodthey materializedall
thepossiblespatialrelationshipghatthey intendedo mine.
This is equivalentto determiningthe universeof candidate
interestingrelationships. Thus, in someways, their tech-
niguewashypothesidriven' ratherthan hypothesigjen-
erating'

An efcient algorithmto mine akind of spatialcoloca-
tionswaspresentedh [11]. Theconceptof neighborhood,
participationratio andparticipationindex werede ned. In-
steadof supporttheparticipationindex wasusedasa prun-
ing measurén the corventionalApriori-lik e technique.

The drawback of above methodis that somecon dent
colocationruleswith low supportarealsopruned.In order
to solve this problem,[6] proposedhe concepibf maximal
participationindex andit wasusedas pruningmeasurgo
replacethe participationindex . We will discusghesemea-
suresin detailin the next section,asthey arecentralto our
approach.

In [12], an algorithm was usedto mine both positive
andnegative associatiomules.Negative rulesaregenerated
from infrequentitem setsand interestis usedas a further
pruningmeasureTheir algorithminvolvesno spatialcom-
ponent.

4 Maximal Participation Ratio

In thissectionwewill brie y describehenotionof Max-
imal Participationindex (maxPl)asdescribedn [6] where
moredetailscanbefound.

4.1 Participation ratio

Given a colocationpattern anda feature , the
participationratio of , canbede ned asthesup-

portof dividedby the supportof . For example,in Fig-
ure 1, the supportof is andthesupportof is
, SO

4.2 Maximal participation index

Givenaco-locationpattern , themaximalparticipation
index of canbe de ne asthe maximalpar
ticipationratio of all thefeaturedn , thatis:

1)

For example, in Figure 1,

A
high maximal participationindex indicatesthat at least

one spatialfeaturestrongly implies the pattern. By using
maxPl,low frequeng con dent rules canbe found which
would be prunedby a supportthreshold6].

4.3 The weak monotonic property of maxPI

Maximal participation index is not monotonic with
respectto the pattern containmentrelations. For ex-
ample, in the Figure 1,

. Interestingly aspointedoutin
[6] the maximal participationindex doeshave the follow-
ing weak monotonicproperty: If  is a k-colocationpat-
tern,thenthereexistsat mostone subpatterns of
suchthat . Relyingon this
weak monotonicproperty the Apriori-lik e algorithm can
be modi ed to mine con dent patternsby usinga maxPlI
threshold.

5 Relationship De nitions
5.1 Notation used

Feature: In this paper afeatureis representedsa capital
letter, for example

Item: An instanceof afeature(oneitem)is representeds
the featurefollowed by anid numberuniquefor that
feature for example

Absence: The absencef anitem is representethy nega-
tion, for example . (Note: this is not the equi-
alentof the set-theory , meaningthe presenceof
ary item otherthanA).

Self-colocation: Multiple instancesf a feature(multiple
items)arerepresentethy a” ' following the feature,
for example

5.2 Typesof Spatial Relationships

Herewede ne thedifferenttypesof spatialrelationships
thataredesirableo mine:

Positive (Simple) Relationships: This is the most com-
montype of relationshipmined,describingfor exam-
ple, the fraction of 's that colocatewith a . eg:

De nition 1: A positive relationship (multi-feature
colocation)in spatialdatais a setof featureghatcolo-
cateataratio greatethansomeprede nedthreshold.

Self-colocation/ Self-exclusion: This is the measureof
which afeaturetendsto colocatewith itself. Formally,
it is the averagecardinalityof anitemin a clique with



respecto the expectedcardinalityof a randomdistri-
bution. Extremeself-exclusionwill be a perfectlyuni-
form distribution with respectto the dataspace. eg:

De nition 2: A featureis de ned asself-colocatingn
spatialdataif theitemsrepresentinghatfeaturecolo-
catewith eachotherataratio greatethansomeprede-
ned threshold.

De nition 3: A featureis de ned asself-excludingin
spatialdataif theitemsrepresentinghatfeaturecolo-
catewith eachotherat a ratio lessthan someprede-
ned threshold.

One-to-Many relationships: This explicitly capturesthe
cardinalityof arelationshipbetweenwo features.eg:

De nition 4: Two featuresarede ned ashaving aone-
to-mary relationshipin spatialdataif onefeatureoc-
curs multiple timesin the presenceof the otherfea-
ture,greatethansomepre-de nedthreshold.ncluded
within thisde nition aretwo-way one-to-may (mary-
to-mary) relationships.

Multi-featur e exclusive relationships: These are exclu-
siverelationshipswith respecto two or morefeatures.
In termsof atransactionatepresentatiorthey areneg-
ative rules,which areexploredin [12]. eg:

De nition 5: A multi-featureexclusive relationshipin
spatialdatais de ned aswhereafeatureis absenfrom
a given colocationat a ratio greaterthana prede ned
threshold.

Complexrelationships: Theseareary combinatiorof two
or morespatialrelationshiptypes.

De nition 6: A comple relationin spatialdatais any

relationshipcontainingtwo or more of the properties
de nedin de nitions 1-5. Theindependenapplication
of theabove rulesmay producecomplex relationships
suchas and , but will notproduce
comple relationshipsuchas

5.3 Sparsedata and the mining of absence

A participationindex directly addressethe problemthat
a certainitem may have low supportresultingin it being
absentfrom very mary cliques,and hencehaving a high
negative support,in thatit with thereforehave a low par
ticipation ratio for eachof thosecliques. For example, if

is an infrequentfeature,then the rule will
mostlikely be con dent. However, the participationratio
of in will be very low, as will occurin
mary cligues. In otherwordsthe participationratio of
in will only behighif is atypicallyabsenfrom

cliguescontaining . Thereforewhenusingaparticipation
ratio for sparsedata,thereis, in fact, a gainin ef ciency.
Theresultsin section7 con rm this.

6 Statistical Applications of Complex Rela-
tionships

Comple relationshipsarenot restrictedto mining com-
plex rules. Comple relationshipscan be usedto provide
strongerde nitions and more accuratesigni cance testing
for simplerelationships.

6.1 Signi cance asa Complexrelationship

In termsof con dence,thesigni canceof aruleis given
by theextentto whichtheobsenedcon denceof arule dif-
fersfrom theexpectedcon dencegivenby arandomdistri-
bution.

Lemma1: The signi cance of a con dence rule of the
form , Is independenbf the self-colocation/
exclusion of , but is dependenton the self-
colocation/gclusionof

Proof Outline: In general,giventhat occurswith fre-
queny ,and with frequeny , in atwo
dimensionalspacewith dimensions and , with
cliguesformedby a distance therandomchanceof

canbe givenby the productof the fraction of

thetotal volumethateachfeaturesoccupies:

(2)

The problemwith the above, however, is that  may
notbe exclusively distributedwith respecto itself.

Note thattherandomchancewill not changewith re-
spectto the self-colocation/gclusionof . Thetwo
extremecasesre: self-excludessuchthatno 'sare
in the sameclique (the equationgiven above); and
self-colocatesuchthatall 'sco-occurin oneclique.
In the secondcaseall 's occupy an effective total
spaceof , giving an effective value of 1.
However, if a  existsin that clique, thenall 'sin
that clique colocatewith it, sothe equationmustbe
multiplied by the numberof 'sin theclique- in this
case . The equationis, thereforethe equivalent
of whereA self-excludes.

Therandomchancewill, however, changewith respect
to the self-colocation/gclusionof . Assumethetwo
extremecases: self-excludessuchthatno 'sare
in the sameclique (again, this is the equationgiven
above);and self-colocatesuchthatall ‘'sco-occur



in oneclique. In the secondcase,all 's occupy an
effective total spaceof , giving an effective
valueof 1. If one existsin thatclique,the number
of 'sin thatcliquehasnoeffectonthecon denceas,
by de nition 1, only oneunique colocateswith a
The expectedvalueof is thereforegivenby:

3)

As the two extreme casesdemonstratethe expected
valueof existsin arangewith boundariedlif-
fering by afactorof . Theconsequencef thisis
that an accuratemeasureof the signi cance of a rule

mustalsoinclude the measureof ‘s self-
colocation/&clusion. Theimportanceof this becomes
obviouswhen,in spatialdata, may literally be
thenumberof starsin thesky. Thereforepy de nition
6, in orderto measurehe signi canceof a simplere-
lationship , it is necessaryo know a comple
relationship.

An approximatiorof self-exclusionmaybegivenby the
ratio of thenumberof cliquescontaining tothetotalnum-
berof 's.Assuming occursin cliques.Thiscan
underestimatéherandomchanceasit doesnt take into ac-
countthe intersectionof cliquesin the data spacewhere
two or more 's aregreaterthandistance but lessthan
distance apart,or overestimateasit doesnt take into
accounthedistancebetweeritemswithin aclique.

Alternatively, a calculationof deviance from expected
behaiour canbe found by observingthe original coordi-
natedistributionswith ametricsuchasRipley's K-function
[2]. Thiswill notnecessarilgive amoreaccurataneasure,
asit relatesto globaldistributionsnot cliques,but it's rela-
tionshipwith colocationmining andclique representations
is, in itself, aninterestingareadeservingfurther investiga-
tion.

Perhapshe mostintuitive reasorfor aboveis becausén
thespatialdomaintherule cannotedivorcedfrom
it's spatialproperties.Evenwhen and representoor
dinates, mustbethoughtof as coodinatesand must
be thoughtof as (potentially overlapping)volumes This
is a generaltruismfor spatialdataandwill hold whethera
constantor variable is used,andwhena simplerclique
de nition is given,suchasthedivision of the featurespace
into 'grids’, or a more complicatedde nition, suchasthe
resultof a clusteringalgorithm.

Lemma?2: The potential range of con dence rules of
the form , will dependon the self-
colocation/&clusionof both  and

Proof Outline: While the self-colocation/gclusion of
doesnot affect the signi cance of a con dencerule,

it canlimit the possiblerangeof the obsened con -
dence. Assumingthatall 'sand 's self-exclude,
then,asin market-baslet data,the maximumpossible
con dencefor is simply givenby:

— (4)

Where , thiswill obviously belessthan
1. However, if A self-colocatesuchthat

thanthe maximumpossiblecon dencewill be
1.

Similarly, if B self-colocatesthenthe maximumpos-
siblecon dencemaybelower. The exactmeasurdor
themaximumpossibleobseredcon denceis:

— (5)

A furtherfactorthatis not discussecdereis wherethe
potentialsizeof somecliquesextendbeyondtheboundaries
of themeasuredpace Again,therandomlik elihoodof this
will relateto theratio between andthedimensionsf the
spaceHere,it is simply assumedhatit is very low.

6.2 Exclusionand maxPI

As a supportthresholdcan prune con dent rules with
low frequeng, amaxPlthresholdcanprunecon dentrules
with low participation. While maxPIwill returnthe com-
pletesetof itemsthatsatisfyboththresholdsof maxPland
the minimum con dence,theremay be the casesuchthat
a high con dencerule will not have a high corresponding
maximalparticipationindex.

An improvedmeasuref participationincludesthe atyp-
ical exclusionof anitem. We posit that by including the
absencef items(negative items),we maydiscoseramore
robustmeasurdor a participationindex measure.

7 A Representationof Spatial Data for Min-
ing Complex Relationships

In this sectionwe proposeandtestonesimplerepresen-
tation of spatialdatathat facilitatesthe ef cient mining of
comple relationships.

7.1 Mining complexrelationshipsusing the max-
imal participation index

In termsof the stepsin the problemde nition, the steps
taken are: Generateall positive cliquesin a transactional
representatiomddingfeaturesrepresentinghe absencef
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featuresand the presenceof multiple features;apply the
maxPl algorithmto the transactionsas describedin sec-
tion 4, automaticallypruning trivial/nonsensicakolloca-
tions suchas . (For ananalysisof the ef ciency
and applicationacrossdifferent spatial datasets, see[6])
andreturna setof colocationsandtheir con dences;and
calculatethe signi cance of the con dencesof the mined
relationshipswith respecto theirsigni cance,asdescribed
in section6.1.

7.2 TestSets

Synthetic data sets were createdsimilar to thosede-
scribedin [1], but with the speci ¢ propertiesof spatial
data,suchthe occurrenceof a singleitem in mary cliques
andtheoccurrencef mary itemsrepresenting singlefea-
turein oneclique. Setconstitueng wasvariedaccordingto
sparsenesthenumberof featuresandthenumberof items.
Themining of relationshipsvasvariedaccordingo thepar
ticipationandcon dencethresholds.A comprehensie set
of testscorrespondingvascompletedacrossapproximately
100,000differentset/parametecombinations. A summary
of resultsis givenbelow.

Testingwasundertalento compareheef ciency of min-
ing comple relationshipgo the mining of simplerelation-
shipswith maxPl,andto investigatdgherelative frequencies
of thedifferentrelationshiptypes.

7.3 Results: Ef ciency

As Figure8 shaws, theratio of rulesgeneratedo con -
dentrulesfoundis typically moreef cient for themining of
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of relationship type

comple rules,especiallywhenthedatais sparse Although
it wasnever the casehere,we do not rule out the possibil-
ity of the existenceof a setsuchthatthe mining of simple
relationshipgs moreef cient thanthe mining of complex
relationships. The resultsin Figure 8 are the averagera-
tiosfor approximatelyl 0,000randomlygeneratedatasets,
whichwerevariedaccordingto sparseness/densitthe av-
erageprobability of a featureoccurringin a given clique.
The maxPland con dencewere held constantat 0.6 and
0.8, respectiely. Varying the maximalparticipationindex
hadlittle impacton the respecte ratios. Varying the con-
dence thresholdvariedthe scaleof the ratio, but did not
affectthe scaleof thetwo distributionswith respecto each
other

A constantmaintainedacrossthe generatiorof all sets
weretheinclusionof skews in the datasuchas: ‘the prob-
ability of  appearingn a clique increasedy 0.15if
and arepresent'. Thesewere originally generatedan-
domly, thenmaintainedasaveragegaboutwhichall random
setswerecreated.lt is the interactionof suchskews with
thevariousthresholdghatcausehe une/ennessn distribu-
tionsin Figure8.

7.4 Results: Frequencyof relationship types

The resultsin Figure 9 are averagedor approximately
1000 separatelatasets,eachwith 10 features. The num-
ber of featuress the mostsensitve variablein therelative
frequenciesdueto thefactthatthereis thepossibility of ex-
ponentiallymoreexclusive andthereforecomplex setswith
respecto thenumberof featuredn aclique,asdiscussedh
section5.3.



Typically, the numberof comple relationshipsfound
was greaterthan but correlatedwith the numberof other
relationshiptypesfound. As Figure 9 shaws, the number
of comple relationshipsat a given con dence threshold
wassensitve to the variancein the numberof the otherre-
lationshiptypes. Self-exclusion and self-colocationwere
modeledtogetherin Figure 9 emphasizehe complemen-
tary relationshipbetweenthe two, asdescribedn section
5.2. Thisis revealedin the correspondingteepnessf gra-
dientfor self-exclusion/colocatiorat con dence and
con dence

7.5 Limitations/Str engthsof the representation

While therearerepresentationassueswith ary type of
data,appropiaterepresentatioiis particularlyimportantin
the spatialdomain[9].

Limitations. In one-to-mawg relationships, this model
doesnt captureinterestingrangesor distributionsin
the “'mary’, which is a task bettersuitedfor mixture
modelling, or the techniquesdescribedin [3]. As
pointedoutin [10], thecostof fully transcribingspatial
datainto a transactionarepresentatiorcan, in some
casespe moreexpensve thanthe mining of the colo-
cations,but asafull representatiofs necessaryo ac-
curatelyaddthe featuresepresenting@bsenandmul-
tiple items,a solutionto thisin the currentrepresenta-
tion maybeproblematic.

Strengths. The most obvious strengthof this representa-
tion is that, currently it is the only modelthat allows
the mining of complex relationshipsin spatial data.
A major strengthof a transactionatepresentatiorf
spatialdatanot explored hereis thatit may be com-
binedwith non-spatiatlata,andsotheadditionof non-
spatialdatato therepresentatiodescribecherewould
beuncomplicated.

8 Conclusions/ Futur e Work

We have de ned theconcepif complex relationshipsn
spatialdata.

We have describechow, evenin transactionatepresen-
tations, spatialdatais fundamentallydifferentfrom other
forms of data,makingthe needto mine comple relation-
shipsof inherentinterest.

We have demonstratedhat even when simple relation-
shipsarethegoalof mining spatialdata,the mining of com-
plex relationshipgs necessaryor determiningthe signi -
canceof thoserelationships.

We have implementedanddemonstrated transactional
representatioof spatialdatathatallowstheef cient mining

of complex relationshipsanddiscussedts limitations and
strengths.

8.1 FutureWork:

Apart from investigatingimprovementgo the represen-
tationto addresghelimitationsmentionedn 7.5, thereare
several future directionsevident, suchasthe applicationto
othertypesof datawith aspatialcomponentsuchasspatio-
temporaldataandto a lesserextent naturallanguageand
biologicalsystems.

One importantstepwould be the combinationof spa-
tial coordinatefeatureswith spatialvolume features(this
is especiallyimportantin GeographidnformationSystems,
wherea volume may representhe areaof a lake, valley
etc.). As we have demonstratedhat with a purely coor
dinatesystem in mustbe treatedas a volume,
the inclusion of featuresthat explicitly representolumes
shouldproveinteresting.
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